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An Ideal Topology f o r  General  Binary Systems 

T. N .  Bhargava and S i g r i d  E .  Ohm 

A ha l fg roupo id  i s  a very  g e n e r a l  a l g e b r a i c  s y s t e m  c o n s i s t i n g  

of  a nonvoid set  on which i s  d e f i n e d  a b i n a r y  o p e r a t i o n ,  meeting 

only  t h e  requirement  of  c l o s u r e ,  f o r  none o r  some o r  a l l  of  t h e  

p o s s i b l e  p a i r s  of e lements  i n  t he  set .  I n  c a s e  t h e  o p e r a t i o n  i s  

de f ined  f o r  a l l  p a i r s  of e lements  i n  t h e  s e t ,  t h e  s y s t e m  i s  c a l l e d  

a groupoid.  The t h e o r y  of  groupoids ,  which i s  ra ther  r e c e n t ,  has 

been i n v e s t i g a t e d  by s e v e r a l  peop le ,  no tab ly  Bi rkhoff  [2 ] ,  Borcvka 

[3],  Bruck [4],  and Doyle and Warne [5]. Topologica l  groupoids  

have been cons idered  mainly by Sz lka  [ S I ,  and Warne [ l o ] .  
Hanson [6]  has s t u d i e d  i n  h f s  d o c t o r a l  d i s s e r t a t i o n  connec t ions  

F i n a l l y  

between b i n a r y  systems (groupoids)  and admissible t o p o l o g i e s .  How- 

e v e r  no s tudy  of t he  p r o p e r t i e s  of ha l fg roupo ids  seems t o  have been 

made; p o s s i b l y  because o f  the  extremely g e n e r a l  s t r u c t u r e  of a 

ha l fgroupoid .  That  these ha l fg roupo ids  have some i n t e r e s t i n g  

p r o p e r t i e s  was shown by O h m  [8]. I n  t h i s  paper  our  o b j e c t  i s  t o  

p r e s e n t  a s tudy  o f  an i dea l  topology a s s o c i a t e d  w i t h  ha l fg roupo ids ,  

and t o  show an i n t e r e s t i n g  connec t ion  between such an i dea l  topology 

and the d ig raph  topology ob ta ined  by Bhargava and Ahlborn [l] i n  

a s tudy  ‘of t o p o l o g i c a l  p r o p e r t i e s  of d i r e c t e d  graphs .  

S e c t i o n  1. Halfgroupoids .  

A nonvoid s u b s e t  S of a ha l fgroupoid  H i s  c a l l e d  a subha l f -  

groupoid if and only  if S - S C S .  A nonvoid s u b s e t  A of a ha l fg roupo id  

H i s  c a l l e d  an a n t i h a l f g r o u p o i d  i f  and only  i f  A - A c z  where z denotes  

the complement of  se t  A. 



such t h a t  H * I L ( I R ) C I L ( I R ) .  

which i s  bo th  a l e f t  and a r i g h t  ideal.  A p o i n t  idea l  i s  any idea l  

A two-sided i d e a l  i s  a subse t  I C H  

c o n s i s t i n g  of a s i n g l e  e lement .  The empty set i s  cons idered  a 

t r i v i a l  ideal ,  e i t he r  l e f t ,  r i g h t ,  o r  two-sided. 

Le% a,b E H; t h e n  a i s  a r igh t  f a c t o r  o f  b and b i s  a l e f t  

m u l t i p l e  of a,  denoted by a/b ,  if there e x i s t s  an element e E H 

s u c h ’ t h a t  c.a = b .  An element a E H i s  prime i f  t h e  s e t  o f  r i g h t  

f a c t o r s  of a i s  t h e  empty s e t  o r  { a )  i t s e l f .  An element which i s  

no t  prime i s  c a l l e d  composite. An element a E H f o r  which a * a  = a 

i s  c a l l e d  an idempotent element.  An element a E H i s  a r i g h t  ze ro  

element i f  f o r  a l l  b E H ,  b * a  = a. An element a E, H i s  a r i g h t  

u n i t  element i f  f o r  a l l  b E H ,  boa = b .  

D e f i n i t i o n s  corresponding t o  r i g h t  ideals o r  two-sided ideals 

can be made i n  an obvious manner but  are not  g iven  here  because 

throughout  t h i s  paper  w e  l i m i t  ou r se lves  t o  l e f t  i d e a l s  on ly .  
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S e c t i o n  2. The L-Topology 

L e t  IL,k,IT be t h e  families of  a l l  l e f t ,  r i gh t , and  two-sided 

H 1 =  

i d e a l s  r e s p e c t i v e l y  f o r  a ha l fg roupo id  H.  

THEOREM 2.1 The f a m i l y  7 

w i t h  t h e  proper t y  of comple te ly  a d d i t i v e  c l o s u r e .  

(or 1 R ,  or $1 c o n s t i t u t e s  a toPoZo9Y 

b c b - -  H2= b 

c - a c a  e 

d b - - b  d 

Remark 2 . 1  The fami ly  of a l l  p o s s i b l e  l e f t ,  r i g h t  and two-sided 

ideals does n o t ,  i n  g e n e r a l ,  c o n s t i t u t e  a topology.  For  example, 

f o r  t h e  ha l fg roupo id  H d e f i n e d  by 

b 

However 

H= 

t h e  fami ly  of a l l  , s s i b l e  i d e a l s ,  l e f t ,  r i g h t  o r  two-sided, i s  

{ + , H , { a , c l , { b , c l l  b u t  { a , c l f l  { b , c l  = {c l  d 

7 ~ u l ~  t a k e n  as a subbase does g i v e  u s  a topology.  

o r  I R .  

Remark 2 .2  Two ha l fg roupo ids  w i t h  same elements  bu t  d i f f e r e n t  

o p e r a t i o n s  may have i d e n t i c a l  l e f t  i dea l  t o p o l o g i e s .  For example 

a b e d  
a 1- a 

a b e d  
b - c a  

- a c d  

b c - - '  

b c - c  

Throughout the  rest  of  t h i s  paper  w e  c a l l  t h e  l e f t  i d e a l  topology 

1 as L-topology and denote  i t  simply by 1 . An element IL of  7 
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i s  denoted simply as 3. 

THEOREM 2 . 2  The t o p o l o g i c a l  space ( H , I  1 i s  connected i f ,  and 

onZy i f ,  t h e r e  does not e x i s t  an I i n  1 

groupoid and (I t )  I+. 

such t h a t  i is a subha l f -  

THEOREM 2 . 3  The t o p o l o g i c a l  space (H,U s a t i s f i e s  To if, and only 

i f ,  f o r  every a i n  H t h e r e  e x i s t s  a p o i n t  i d e a l  I, i n  1 

f o r  a l l  b ,  d i s t i n c t  from a ,  b i s  n o t  a r i g h t  f a c t o r  of a .  

such t h a t  

P r o o f :  L e t  a belong t o  H .  If a i s  a r i g h t  ze ro  element ,  t h e n  

Hs{a}C{a3, so  t ha t  { a }  i s  a p o i n t  i d e a l ,  If a i s  not  a r i g h t  ze ro  

element and t h e r e  e x i s t s  some 1, i n  I con ta in ing  no r i g h t  f a c t o r  of 

a and no o t h e r  element except  a ,  t h e n  Ia 1s a Po in t  i dea l .  

does c o n t a i n  an element b#a,  t h e n  I ('l{T} a l s o  c o n t a i n s  b bu t  no t  a 

and i s  t h e r e f o r e  an open set  i n l .  Thus i n  every case  To i s  s a t i s f i e d .  

If 1, 

a 

Conversely,  suppose t h e  c o n d i t i o n  i s  no t  m e t ,  i . e .  f o r  some 

r i g h t  nonzero a i n  H the p o i n t  i d e a l s  I, i n  1 c o n t a i n  a t  l eas t  one more e l e  

ment, o t h e r  t h a n  a ,  which i s  a r i g h t  f a c t o r  of a .  

c o n t a i n s  some element b # a ,  where b i s  such t h a t  b / a .  Since  b / a ,  

Then fl{Ial 

there  e x i s t s  an  x i n  H such tha t  x - b  = a so  t h a t  a belongs t o  H a I b  

f o r  any a r b i t r a r y  I b  i n  I ;  but  H-IbCIb so  t h a t  a belongs t o  every Ib. 

Hence ( H , 7  ) does n o t  s a t i s f y  axiom To. 

Remark 2 . 3  For t h e  ha l fg roupo id  

a b c  
H= a l a  b c 

c l a  b c 

t h e  t o p o l o g i c a l  space (H,7  ) does not  s a t i s f y  To. 
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THEOREM 2 - 4 :  The t o p o l o g i c a l  space  ( H , Z )  s a t i s f i e s  T I  i f ,  and 

o n l y  i f ,  every  element of H i s  a p o i n t  ideaZ; or e q u i v a l e n t z y  i f ,  and 

o n l y  i f ,  every  element  of H i s  a r i g h t  z e r o  e lement .  

Remark 2 .  4 L e t  

H1 = b a b b  

e b e  b e  

Then (H1,7)  sa t isf ies  To but no t  T1; and ( H 2 , Z )  sa t i s f ies  TI.  

Remark 2 . 5  The t o p o l o g i c a l  space (H,Z ) i s  completely c h a r a c t e r -  

i z e d  by t h e  c o n d i t i o n s  o f  Theorem 2 . 5 ,  s o  t h a t  a l l  t h e  o t h e r  separa-  

t i o n  axioms T i ( i > l )  imply T1. 
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Sec t ion  3. Cont inui ty  o f  Operat ion.  

Following i s  a rather s t r o n g  s u f f i c i e n t  cond i t ion  f o r  the b ina ry  

H= 

o p e r a t i o n  i n  a ha l fgroupoid  H t o  be cont inuous:  

T = { $ , H ,  { b ) , { a , b l l  Y b - - b  

c a b -  

THEOREM 3 . 1  If every  composite e lement  c of a hal fgroupoid H i s  

such t h a t  every  r i g h t  factor b of c belongs t o  every  p o i n t  i d e a l  

1, conta in ing  c then  t h e  b inary  operat ion  i n  H i s  cont inuous under 

the  L-topology. 

. Proof  L e t  a,b,c be  any a rb i t ra ry  elements i n  H such tha t  

I f  b=c,  t h e n  I a * I c C I c  f o r  every I, and IC i n  f . a*b=c.  

t hen  c i s  composite and b belongs t o  every IC i n  1 .  

t o  I b I ) I c  f o r  every I b , I c  i n T .  

If b#c ,  

Thus b belongs 

L e t  I b f l I c = I ”  t h e n  I I fCI;CI . b’ a b  c 

Remark 3.1 That  t h e  above cond i t ion  i s  not  necessary  i s  shown 

by t h e  fo l lowing  example: 

b c  

The ope ra t ion  i s  continuous w i t h  r e s p e c t  t o  L-topology f ;  and 

a*a=b, i . e .  a / b ; f l { I b P { b )  so  t ha t  a k ( I { I b l .  

A s  a matter of f a c t  something much s t r o n g e r  i s  t r u e :  L e t  H be  

a ha l fgroupoid  on k elements  f o r  which t h e  L-topology f a i l s  t o  g ive  

c o n t i n u i t y .  Then the re  e x i s t  a,b i n  H such t h a t  a*b=c,  and 

Ia*Ib $Ic. L e t  H ‘ = H ~ { x ) , x c H .  We d e f i n e  a ha l fgroupoid  on H’ by 

d e f i n i n g  t h e  o p e r a t i o n  i n  H ’  t o  be p r e c i s e l y  t ha t  of H .  Hence a l l  

elements of  H C H ’  have the  same minimal l e f t  ideals as i n  H .  Thus 

f o r  each k > 3  - there  e x i s t  ha l fgroupoids  f o r  which t h e  minimal l e f t  

ideals  do no t  y i e l d  continuous.  o p e r a t i o n s .  
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Remark 3.2.  The c o n t i n u i t y  of o p e r a t i o n  i n  I can b e ,  however, 

achieved by modifying t h e  o r i g i n a l  o p e r a t i o n  i n  the fo l lowing  way: 

Let  t h e  o p e r a t i o n  be d e f i n e d  i n  such a manner t h a t  i f  a,b belong t o  

H, and I a ,  I b  are minimal l e f t  i d e a l s  con ta in ing  a and b r e s p e c t i v e l y ,  

t hen  I a e I b c I a b ,  whenever a - b  i s  d e f i n e d ,  and Ia.b i s  t h e  minimal 

l e f t  i d e a l  c o n t a i n i n g  aab. 
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S e c t i o n  4 .  A connexion wi th  digraphs.  

A digraph ( d i r e c t e d  graph) r ( A , E )  c o n s i s t s  of a s e t  A and a 

subse t  E of the  Car t e s i an  product  AxA. 

as v e r t i c e s  and t h e  elements  of E as diedges.  

The p o i n t s  of  A are c a l l e d  

DEFINITION 4 . 1  The digraph topology 7 on r ( A , E )  i s  t h e  f a m i l y  

of a l l  s u b s e t s  B C A  such t h a t  (gxB)nE=qJ. That is, t h e  s e t  B c A  is 

open under T i f  t h e r e  are no edges i n  E which emanate from subse t  

and terminate  i n  subse t  B .  (Bhargava and Ahlborn [ l l ) .  

I t  has been shown i n  [ l ]  t h a t  t h e  mapping of t h e  s e t  of a l l  p o s s i b l e  

digraphs,  on a f i x e d  s e t  A ,  on to  t h e  s e t  of a l l  digraph t o p o l o g i e s  

i s  a many-to-one correspondence. T h i s ,  as we have seen  e a r l i e r  i n  

t h i s  paper,  i s  a l s o  t r u e  of t h e  mapping of t h e  s e t  of a l l  p o s s i b l e  

hal fgroupoids ,  on a f i x e d  s e t  A ,  on to  t h e  s e t  of a l l  L-topoZogies.  

L e t  f f  b e  t h e  c l a s s  of a l l  ha l fgroupoids  on a f i x e d  s e t  A ,  and l e t  

P be t h e  c l a s s  of a l l  digraphs on t h e  same set  A .  Mappings between 

ff and P can be  cons t ruc t ed  such tha t  under these mappings t h e  s e t  

ff(I )={H E f f :  2 i s  t h e  L-topology on H I  corresponds t o  t h e  se t  

P ( T ) = { D  E P: 7 i s  t h e  d igraph  topology D I ,  where I and T are 

i d e n t i c a l  t o p o l o g i e s .  

F i r s t  of a l l  w e  n o t e  that  a b ina ry  o p e r a t i o n  de f ined  f o r  a s e t  A can 

be  considered as a set  F of ordered  t r i p l e s ,  t h a t  i s  BcFCAxAxA; 

i n  terms of o u r  o r i g i n a l  d e f i n i t i o n  w e  have F={((a,b),c): a*b=c i n  H I .  

L e t  (A,F) denote  a ha l fgroupoid  on A w i t h  b ina ry  o p e r a t i o n  F,  and l e t  

(A ,E)  denote  a digraph on set  A.  Then 

ff={(A,F): B C F  CAxAxA; F={( ( a , b )  ,e) : a*b=c i n  AI) ,  

P={(A,E) :  B C E  CAxA ; E={(a,b): a , b E A } } .  and 
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Let n t o  8 :  t f - a D ,  such that  $(H,F)=(H,E) where E = € ( c , b ) :  ( ( x , b ) , c )  E F )  
i n t o  Let ( d ' : P d  H ,  such t h a t  $'(H,E)=(H,F) where F = € [ ( c , b ) , c ) :  ( c , b ) c  E}. 

The fo l lowing  theorem shows tha t  t h e s e  mappings d and dl ,  both of 

which a r e  many-to-one, es tabl ish,  i n  a c e r t a i n  sense ,  8 t o p o l o g i c a l  

correspondence between ha l fg roupo ids  and digraphs i n  such a manner 

that t h e  L-topology i s  e x a c t l y  the  same as t h e  digraph topology.  

The proof of t h i s  theorem i s  q u i t e  s i m p l e  and s t r a i g h t f o r w a r d ,  b u t  

a l i t t l e  lengthy ,  and hence i s  omi t ted .  It may b e  found i n  Ohm [81, 

which a l s o  con ta ins  some o t h e r  d e t a i l s  and r e l e v a n t  results. 

Acknowledgements. We a r e  most g r a t e f u l  t o  P r o f e s s o r  P .  H. Doyle of 

Michigan S t a t e  Un ive r s i ty  f o r  s e v e r a l  u s e f u l  d i s c u s s i o n s  and sugges t ions  

which have r e s u l t e d  i n  improvement of t h i s  paper .  
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